Abstract. The main result of this paper states that for a function f : R 2 → Y with a closed, connected and locally connected graph, where Y is a locally compact, second-countable metrisable space, the graph over discontinuity points remains locally connected.
Notation and terminology
Definition 1. Let X, Y be topological spaces and f : X → Y be an arbitrary function.
(1) We will denote by C(f ) or C f the set of all points of continuity, (2) by D(f ) or D f -set of all points of discontinuity. (3) We will denote by π a projection operator π : X × Y → X and π(x, y) = x. (4) For A ⊂ X, by f |A we will denote a restriction of f to the subdomain A.
In the context of function f : X → Y , we will not use a separate symbol to denote the graph of f , for f itself, in terms of Set Theory, is a graph. So when we use Set Theory operations and relations with respect to f , they should be understood as operations and relations with respect to the graph. Whenever this naming convention might be confusing, we will add the word "graph", e.g. "f has a closed graph".
Definition 2. Let Y be a topological space and y n ∈ Y be an arbitrary net. We will write y n → ∅ or lim y n = ∅ iff y n has no convergent subnet.
Functions with a closed graph
It will be helpful to cite two well-known theorems concerning functions with a closed graph: Proof. Since X is locally compact, Hausdorff and locally connected, there exists an open neighbourhood V x of the point x such that Clo(V x ) is a continuum and
, there is a continuous function f : C → E, where C is the Cantor set and f (C) = E. Since X is metrisable and locally compact, it is completely metrisable and therefore, by the Mazurkiewicz-Moore theorem, X is locally arcwise-connected, and thus V is locally arcwise-connected. V is connected by construction. Therefore by Fact 6 there is a function f * that is a continuous extension of f such that f
. By Fact 8, F 0 is a locally connected continuum and E ⊂ F 0 ⊂ V . Let S V be a family of all the connected components of X \ F 0 that are subsets of V . Let S ∞ be a family of all the other connected components of X \ F 0 . Notice that, due to the connectedness of S, (1) S ∩ ∂V = ∅ for any S ∈ S ∞ . Since X is locally connected, all the connected components of X \ F 0 are open in X. Since ∂V ⊂ S ∞ , by virtue of (1) and the compactness of ∂V , the family S ∞ is finite. Let F = F 0 ∪ S V . By Lemma 9, F is connected and closed. Since F ⊂ Clo(V ), F is a continuum. By Lemma 10, F is locally connected. Obviously, E ⊂ F ⊂ V ⊂ U . Since X \ F = S ∞ and S ∞ is finite, the proof is complete. 
Proof. Since E is compact, by Theorem 3, f |π(E) is continuous. If x ∈ Int(E), then f is continuous in x, so x ∈ D. Therefore U ∩ f |D ⊂ U ∩ f |∂π(E) is obvious. We will show inverse inclusion by contradiction. Assume that (x, f (x)) ∈ U ∩ f |∂π(E) and x is a continuity point of f . Since π(E) is compact and X is Hausdorff, π(E) is closed, so x ∈ π(E). Notice that (x, f (x)) ∈ U , so by the continuity of f at point x, there is an open neighbourhood V of x, such that f |V ⊂ U . But U ⊂ E, so x ∈ V ⊂ π(E). This contradicts how x was chosen. Now we will show the "moreover part". Take any (x, f (x)) ∈ U ∩ f |D and X \ π(E) ∋ x n → x. Since U ⊂ E, (x n , f (x n )) ∈ U . So no subnet of f (x n ) is convergent to f (x). But the graph of f is closed, so f (x n ) → ∅. 
4) X \ π(E) has finitely many connected components.
Proof. Notice that f is a connected and locally connected, locally compact, secondcountable metrisable subspace of X × Y . Take an arbitrary x ∈ D. Choose open in the graph topology set U , such that (x, f (x)) ∈ U and Clo f (U ) is a continuum. By Theorem 11, there exists a locally connected continuum E ⊂ f such that f \ E has finitely many connected components and U ⊂ E. By Lemma 12, f |D ∩ U = f |∂p(E) ∩ U and for any subsequence
is a locally connected continuum and since f \ E has finitely many connected components and π is continuous, the set π(f \E) = π(f )\π(E) = X\π(E) also has finitely many connected components.
Theorem 13 has an interesting consequence for X = R 2 , namely ∂π(E) from the above theorem is locally connected, which implies (by Theorem 8) that f |D has a locally connected graph. To prove this, let me refer to the following theorem: 
By Theorem 14, ∂S i is locally connected for i = 1, 2, . . . , n. Therefore, by Fact 7, ∂A is locally connected. One might propose that as the local connectedness of f |D f is a local property, it might be enough to assume only local connectedness of f . Unfortunately, there is a simple example that shows that the connectedness of f is necessary in Corollary 16 and Theorem 13.
x 2 + (y − 1 n ) 2 ) for (x, y) ∈ B n for n = 1, . . . Note that in the above example B n is a sequence of pairwise disjoint open discs convergent to the point (0, 0). f = 0 on the whole half plane R × [0, ∞) except discs B n . f ≥ n on B n and converges to infinity on ∂B n . Therefore, it is easy to notice that the graph of f is closed and not connected. The local connectedness of the graph is obvious everywhere except the point (0, 0, 0). But as f ≥ n on B n and f = 0 on R×[0, ∞)\ ∞ n=1 B n , it's enough to see that R×[0, ∞)\ ∞ n=1 B n is locally connected at the point (0, 0). Thus the graph of f is locally connected. However, f |D f = (R×{0}∪ ∞ n=1 ∂B n )×{0} and is not locally connected in (0, 0, 0). It's also easy to notice that for any open in the graph topology set U such that (0, 0, 0) ∈ U and for any locally connected continuum E such that U ⊂ E ⊂ f , R 2 \ π(E) has infinitely many connected components, since B n ∩ π(E) = ∅ and ∂B n ⊂ E for almost all n.
